Abstract. When a viscous fluid is extruded from a capillary or an annular die, the thickness of the fluid jet is in general unequal to the width of the die. This phenomenon is called "die-swell" and is studied in this paper for a die made up of two parallel plates. It is assumed that no slip will occur between the fluid and the plates, and that the pressure in the space into which the fluid is emitted is constant and uniform. The fluid surface is a free streamline. Its shape is calculated with the use of complex-function theory and conformal-mapping techniques. The predicted ratio of swell is found to be in full agreement with known finite-element results.
Introduction
For the manufacture of threads and sacks of a thermoplastic material the extrusion process is used. The plastic is melted and extruded from a capillary or an annular die. This fluid is emitted into a gas (e.g. the atmosphere) or another fluid. In that area the product attains its final shape. The intersection of the product will be distinct from the size of the opening of the die or capillary. This difference is known as die-swell; the magnitude of the relative thickness of the product is called the swell-ratio.
In this paper we consider the extrusion of an incompressible Newtonian fluid from a die formed by two parallel plates. This die geometry is an example of a long and narrow strip-like capillary. It also provides a model for an annular die where the flow takes place in the narrow gap between two concentric tubes with large radii. A Newtonian fluid is a linear, homogeneous, isotropic fluid, for which there exists a linear relation between the stress tensor and the strain rate. This type of fluid gives a reasonable indication of the behaviour of visco-elastic fluids, for which the dependence of the stresses on the strain rate is more complicated. The fluid flow is governed by the incompressibility condition, the equations of motion, and the constitutive equations. We restrict ourselves to the isothermal problem, because the influences of the temperature are dominated by the viscous effects. The pressure of the environment, into which the fluid is emitted, is assumed to be constant and uniform. The effects of surface tension are neglected. Further, we assume complete adherence between the fluid and the plates. The velocity field far upstream in the die is the fully developed Poiseuille flow. The surface of the fluid outside the die has an unknown shape. Therefore, the flow problem is a free-boundary problem. Since this boundary must be a free streamline, we have an extra condition to determine the shape of the fluid surface and also the swell-ratio.
For the solution of this free-boundary problem we employ the complex-function theory and the conformal-mapping technique which have successfully been applied to several problems in linear elasticity, see Muskhelishvili [5] , England [4] . An application of this theory to viscous fluid flow in injection moulding is given by van Vroonhoven and Kuijpers [8] . All equations are satisfied by the introduction of two independent analytic functions which are completely determined by the boundary conditions. The free boundary is represented by a conformal mapping which is calculated from the free-streamline condition. In the final section the results are shown and compared to various finite-element simulations listed by Tanner [7] .
Formulation of the problem
An incompressible Newtonian fluid flows out of a die into an open space where the environmental pressure is constant. The die is a capillary made up of two parallel plates at distance 2a. The problem is described in the dimensionless Cartesian coordinates x and y, which are related to the usual Cartesian coordinates by X = ax and Y = ay. Let B + and B be the separation points of the fluid from the die. The x-coordinate in these points is chosen to be zero. The plane y = 0 corresponds to the plane of symmetry. The y-coordinates of the planes A+B + and A-B-are equal to +1 and -1 respectively (see Fig. 2 .1). The shape of the free boundaries B+C + and B-C-is to be determined, especially the swell-ratio h which equals the distance from C + (or C-) to the plane of symmetry divided by a. 
